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O ' Abstract 

■ This paper studies so-called "null polynomials modulo m" , i.e., polynomials with integer coefficients^ that 
' satisfy f{x) = (mod m) for any integer x. The study on null polynomials is helpful to reduce congruences 

y—i , of higher degrees modulo m and to enumerate equivalent polynomial functions modulo m, i.e., functions over 

■ Zm = {0, ■ • • , m — 1} generated by integer polynomials. The most well-known null polynomial is f{x) = x^ — x 
' modulo a prime p. 

, After pointing out that null polynomials modulo a composite can be studied by handling null polynomials 

' modulo each prime power, this paper mainly focuses on null polynomials modulo p'' (d > 1). A typical monic null 

_J I polynomial of the least degree modulo p"^ is given for any value of d > 1, from which one can further enumerate 

4^ . all null polynomials modulo p'^. The most useful result obtained in this paper are Theorem 32 in Sec. 4.4 and 
its derivative - Theorem 34 in Sec. 4.5. The results given in Sec. 4.3 form a basis of the induction proofs given 

M I in Sec. 4.4. However, if you do not care how the proofs in Sec. 4.4 were established, you can simply skip Sec. 

1 I ■ 4.3. Theorems 28 and 31 are very important for the proof of Theorem 32 and should be paid more attention. 

' Note: After finishing this draft, we noticed that some results given in this paper have been covered in Kemp- 

\^ . ner's papers [3,4]- Since we use a different way to obtain the results, this work can be considered as an independent 

• and different proof. For a brief introduction to Kempner's proof, see the Appendix of this paper. 
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1 Introduction 

In this paper, we study integer polynomials that satisfy f{x) = (mod m) for any integer x. We call such 
polynomials "null polynomials modulo m" , due to the fact that they generate nothing meaning ful modulo p'^. Till 
now, I have not found an existing name of such polynomials. If you know one, please let me know and recommend 
a paper or book for reference. Thanks in advance for your help. 

When p is a prime, there is a most well-known null polynomial modulo p: f{x) ^ x^ — x. However, actually 
it is not the simplest one, since one should use the Fermat's little theorem to derive that it is a null polynomial 
modulo p. In my opinion, Vm S Z, the most simplest null polynomial modulo m is f{x) = YiiLo^i-'^ ~ *)■ When p is 
a prime, we have nf=o^(^ ^ *) = x'^ ~x (mod p) [1, Theorem 112], where "=" means that the coefficients of the two 
polynomials are congruent modulo p. However, when m is not a prime, f{x) ~ YYiLo^i^ ~ *) generally not a null 
polynomial of the least degree modulo m. For example, when m = p'^ {d > 2), it is obvious that f{x) = p'^~^{xP —x) 
is a null polynomial of degree p modulo p'^ and f{x) = (a:^ — xY is a monic null polynomial of degree pd modulo 
p**. Then, we have a question: can we find the least degree of all (monic) null polynomials modulo any integer ml 
This paper gives an affirmative answer to this question (Theorems 32 and 33). In addition, it is found that one can 
enumerate^ all null polynomials modulo m (see theorems in Sec. 4.5, especially Theorem 34). 

The most natural application of a monic null polynomial f{x) modulo m is on the reduction of high-degree 
congruences modulo to. The null polynomial f{x) — x^ ~ x has been widely used to reduce congruences of degrees 
> p modulo p before solving them [1,5-9]. Another application of the study on null polynomials modulo to is to 
distinguish and enumerate equivalent polynomials modulo m, i.e., the integer polynomials that induce the same 
"polynomial functions modulo to" [10]"^. This is based on a simple theorem (Theorem 35): two integer polynomials 
fi{x) and f2{x) are equivalent modulo to if and only if fi(x) — f2ix) is a null polynomial modulo to. In fact, this 
research on null polynomials modulo to was stirred by a pervious study on enumerating all distinct permutations 
modulo TO induced from "permutation polynomials modulo m" [12]^. The results obtained in this paper can be 
used to get an exact estimation of the number of distinct permutations modulo p"^ induced from polynomials of 
degree n > 2p — 1 modulo p'^. More details on the applications of null polynomials for enumerating permutation 
polynomials modulo p** will be given later in a revised version of [arXiv:math. NT/0509523, 2005]. In addition, 
we believe that the study on null polynomials modulo p"^ is useful to reveal some subtle features of the complete 
systems of polynomial residues modulo a prime and its powers. 

It is well-known that permutation polynomials modulo to can be used in cryptography and coding [17-21]. 
Apparently, null polynomials modulo to can serve as a tool to analyze the security and performance of the designed 
ciphers or coding schemes based on permutation polynomials modulo to. For example, the least degree of all null 
polynomials modulo m gives an upper bound of the number of all coefficients of the permutation polynomials used 
in cryptography and coding. As shown in Theorem 33 of this paper, when m = p'*, the least degree is generally 
much less than p"^, which means that one has to be more careful when using permutation polynomials to design 
cryptosystems. 

This paper is organized as follow. Section 2 gives some preliminary definitions and lemmas, as preparations 
for future discussions. In Sec. 3, we point out that null polynomials modulo a composite m can be studied via 
null polynomials modulo each prime power of m. The main body of this paper is Sec. 4, in which we discuss null 
polynomials modulo a prime and prime powers. In Sec. 4.1, null polynomials modulo p is studied and it is pointed 
out that f{x) = x^ — X is the only monic null polynomial of degree p modulo p. In Sec. 4.2, some trivial results on 
null polynomials modulo p'^ {d > 1) are given. Then, when 2 < d < p{p -I- 1) -I- 1, null polynomials modulo p"^ are 
carefully studied in Sec. 4.3, which forms a basis of the general results for d > 1 given in Sec. 4.4. In Sec. 4.5, it is 
studied how to enumerate all null polynomials modulo p'', based on the results given in Sec. 4.4. 

^In this paper, the word "enumerate" means to hst all null polynomials modulo m, not only to get the number of all null polynomials 
modulo m. It is obvious that the former is much more strong than the latter. 

^In the algebra literature, there exist "polynomial functions of the finite filed Fq" [11], Note that when q is not a prime, "polynomial 
functions modulo g" and "polynomial functions of Fq" are conceptually different, since (Zq, -|-, ■) is just a ring, not a finite field. 

^Similarly, in the algebra literature, there exist "permutation polynomials of the finite filed Fq" [13—16]. As mentioned in previous 
footnote, when g is a prime power, "permutation polynomial modulo q" and "permutation polynomials of ¥q" are conceptually different. 
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2 Preliminaries 



This section lists a number of definitions and notations used throughout in this paper. Some prehminary lemmas 
are also given to simplify the discussions in this paper. I try to keep the definitions, notations and lemmas as simple 
as possible. Please feel free to contact me if you have some ideas of making them simpler, more elegant, more 
beautiful, and/or more rigorous in mathematics. 

2.1 Some Simple Lemmas on Congruences 

The three lemmas will be used in this paper without explicit citations. 

Lemma 1 (Theorem 2.2 in [5]) Assume f{x) is an integer polynomial. If xi = X2 (mod m), then f{xi) = f{x2) 
(mod m). 

Lemma 2 If a = (mod mi) and 6 = (mod 7712) , then ab = (mod 77117712). 

Proof: From a = (mod mi) and 6 = (mod 7712), there exist /ci, fc2 G Z such that a — kivni and b — k2m2- So, 
ab = fcifc2'7ii77i2 = (mod mi77i2). I 

The most frequently used form of the above lemma is as follows: if /i (x) and /2 {x) are null polynomials modulo 
p'^i and p"^^, respectively, then fi{x)f2{x) is a null polynomial modulo p'^^'^^ . See Sec. 2.5 for the formal definition 
of "null polynomials modulo m" . 

Lemma 3 Assume A is an n x n matrix, X is a vector of n unknown integers, and B is a vector of n integers. 
If \A\ is relatively prime to m, i.e., gcd(|A|,m) = 1, then AX = B (mod m) has a unique set of incongruent 
solutions X = A(adj(j4))B (mod m), where A is an inverse 0/ A = \A\ modulo m and adj(A) is the adjoint of A. 

Proof: This lemma is a direct result of Theorem 3.18 in [7] (see pages 151 and 152). ■ 

2.2 Polynomial Congruences Modulo m 

The following definition is from Chap. VII of [1] and related concepts are slightly extended. 

Definition 1 Given two integer polynomials ofdegreen: f{x) = a„a;" + - • ■+aiX+aQ and g{x) = 5„a;" + - • ■+bix+bf), 
if Wi = ^ n, Qi = bi (mod m), we say f{x) is congruent to g{x) modulo m , or f{x) and g{x) are congruent 
(polynomials) modulo m , which is denoted by f{x) = g{x) (mod 771). On the other hand, if3i £ {I,-- - ,ri}, such 
that at ^ bi (mod 771), we say f{x) and g{x) are incongruent (polynomials) modulo m , denoted by f{x) ^ g{x) 
(mod m). 

Definition 2 A polynomial congruence (residue) class modulo m is a set of all polynomials congruent to each other 
modulo 771. 

Definition 3 A set of polynomials of degree n modulo m is a complete system of polynomial residues of degree n 
modulo m, if for every polynomial of degree n modulo m there is one and only one congruent polynomial in this set. 

Lemma 4 The following set of polynomials is a complete system of polynomial residues of degree n modulo m: 

^[^] = {fi^) = fln^;" H h CLix + oq |a„ £ {1, • • • , 771 - 1}, a„_i, • • • , ao £ {0, • • • ,?7i - 1} } . 

Proof: Assume f{x) = a„x" + • • • + aix + ao is a polynomial of degree n modulo 777. Choose a* = [oi mod m) g 
{0, • • ■ ,771—1} (i = ~ 7i), then /*(x) = a*a;" + • • ■ + a\x + £ F is congruent to f{x). Assume that another 
polynomial g{x) = 6„a;" + • • ■ + bix + 60 S F is also congruent to f{x). Then, Vi = 71, 6^ = a* (mod 771). Since 
{0, ■ • ■ , 771 — 1} is a complete set of residues modulo m, bi = a*. This means that g{x) = f*{x). This completes the 
proof of this lemma. ■ 

Definition 4 A set of polynomials of degree < n modulo m is a complete system of polynomial residues of degree 
< n modulo m, if for every polynomial of degree < n modulo 771 there is one and only one congruence polynomial. 

Lemma 5 The following set of polynomials is a complete system of polynomial residues of degree n modulo m: 

FM = {f{x) = a„a-" H h ayx + oq |a„, a„_i, • ■ • , ao £ {0, ■ • ■ ,771 - 1}} . 

Proof: The proof is similar to the above lemma. I 
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2.3 Polynomial Functions Modulo m 

Definition 5 If a function over {0, • • • , jti — 1} can be represented by a polynomial modulo m, we say this function 
is polynomial modulo m. 

Lemma 6 Assume p is a prime. Then, any function over {0, • • • ,p ~ 1} is polynomial modulo p. 



Proof: Assume f{x) = anx"^ + ■ ■ 
F:{0,--- ,p-l}^{0,--- 



+ aix + flo is a polynomial of degree n > p — I modulo p. Given a fimction 
one has the following system of congruences: 
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(mod p"^). 



Since the matrix at the left side is a Vondermonde matrix, one can see its determinant is relatively prime to p. So, 



for each combination of ar. 



there is a unique set of incongruent solutions of ao, • ■ • , Op-i. Thus this lemma 



is proved. ■ 

2.4 Equivalent Polynomials Modulo m 

The concept of equivalent polynomial modulo m is used to describe incongruent but equivalent (for any integer) 
polynomials modulo m. 

Definition 6 Two integer polynomials f{x) and g{x) are equivalent (polynomials) modulo m if\/x G f{x) = g{x) 
(mod to). In other words, two polynomials are equivalent modulo to if they derive the same polynomial function 
modulo m. 

Note that two equivalent polynomials modulo m may not be congruent modulo p, and may have distinct degrees. 
As a typical example, when p is a prime, f{x) = x^ and g{x) = x are equivalent polynomials modulo p. 

Lemma 7 Two polynomials of degree 1 modulo m, f{x) = aix + ao and g{x) = bix + bo, are equivalent polynomials 
modulo m if and only if f{x) = g{x) (mod m), i.e., ai = hi (mod to) and ao = bo (mod m). 

Proof: The "if part is obvious from the definition of equivalent polynomials modulo m, so we focus on the "only 
if part. Since f{x) and g{x) are equivalent polynomials modulo to, then Vx G {0, • • • , m — 1}, f(x) — g(x) = 
(ai — bijx + (ao — 6o) = (mod to). Choosing a; = (mod to), one has ao = bo (mod to). Then, choosing x = 1 
(mod to), one has ai = hi (mod to). Thus this lemma is proved. I 



Lemma 8 Two polynomials, f{x) 
modulo m, then ao = bo (mod to). 



CLji-, X 



Proof: Choosing a; = 0, one has f{x) — g{x) 



f • • • + ao and g{x) — bn^x^^ + ■ ■ ■ + bo, are equivalent polynomials 
ao — bo = (mod to). This lemma is proved. ■ 



Corollary 1 Two polynomials, f{x) ~ a„a;" + • • • + a2.'j;2 + ao and g{x) = anx"' + 
polynomials modulo m if and only if ao = bo (mod to) . 



+ a2a;2 + bo, are equivalent 



Lemma 9 Assume p is a prime and d > 1. Two polynomials, f{x) ~ Op-ix^ ^ + • • • + ao and g{x) ~ bp-ix^ ^ + 
• ■ • + 5o, are equivalent polynomials modulo p^^ if and only if f{x) = g{x) (mod p^^). 

Proof: The "if part is obvious true, from the definition of equivalent polynomials modulo p'^ . So, we focus on 
the "only if part. From f{x) — g{x) = (mod p'^), choosing x = ^ p — 1, one can get the following system of 



congruences in the matrix form AXa 


-b = B (mod /): 
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Since A is a Vandermonde sub-matrix, one can get \A\ = Y[o<i<j<p~i(j ~ *) I^^' §4-4]. From p is a prime and 
1 < {j — i) < p — 1, one has gcd(| A| , p'^) — 1. Thus, the above system of congruences has a unique set of incongruent 
solutions. So, Vi = ~ p — 1, one has a,; = bi (mod p'^). This completes the proof of this lemma. ■ 

Note that in the above lemma f{x) and g{x) may be polynomials of degree less than p — 1 modulo p^. In this 
case, the matrix at the left side of the system of congruences may have a smaller size, but its determinant is still 
relatively prime to p'^. 

Corollary 2 Assume p is a prime. Two polynomials, f{x) = OnX^ + • • • + oq and g{x) = bnX^ + • • • + &07 are 
equivalent polynomials modulo p if and only if {f{x) mod {x^ — x)) = {g{x) mod (x^ — x)) (mod p). 

Proof: This corollary is a direct result of the above lemma and Fermat's Little Theorem. ■ 
2.5 Null Polynomials modulo m 

Definition 7 A polynomial f{x) of degree n > modulo m is a null polynomial of degree n modulo m, ifWx G Z, 
f{x) = (mod m). Specially, f{x) ~ is a trivial null polynomial of degree modulo m. 

In the following, we give some simple lemmas on null polynomials modulo m. The proofs of the lemmas are 
very simple, so they are omitted here. 

Lemma 10 // f{x) = a„a;" + • • • + aix + oq is a null polynomial modulo m, then oq = (mod m). 

Lemma 11 Given any null polynomial f{x) modulo m, af{x) will still be a null polynomial modulo m, where a is 
an arbitrary integer. 

Lemma 12 A polynomial f{x) is a null polynomial modulo m, if and only af{x) is a null polynomial modulo m, 
where gcd(a, m) = 1. 

Lemma 13 If f{x) is a null polynomial modulo m and a \ m, then f{x) is still a null polynomial modulo a. 

The most frequently used form of the above lemma is as follows: if f{x) is a null polynomial modulo p"^, then f{x) 
is still a null polynomial modulo p' for any integer i < d. 

Definition 8 Denote the least integer n > I such that there exists a null polynomial of degree n modulo m by 
ujQ{m) and call it the least null-polynomial degree modulo m. Denote the least integer n > 1 such that there exists 
a monic null polynomial of degree n modulo m by lui (m) and call it the least monic null-polynomial degree modulo 
m. A (monic) null polynomial of degree ujQ{m) or uji{m) is called a least-degree (monic) null polynomial modulo m . 

Lemma 14 Every polynomial of degree > uji{m) modulo m has one equivalent polynomial of degree < Wi(m) — 1 
modulo m. 

Proof: It is a direct result of the following two fact that there exists a monic null polynomial of degree uiiijn) 

modulo m. ■ 

Definition 9 Assume p is a prime and d>l. If f{x) is a null polynomial modulo for any integer i < d but not 
a polynomial modulo p"^^^ , we say f{x) is a null polynomial modulo p up to order d and d is the order of the null 
polynomial f{x) modulo p. Note that f{x) is a null polynomial modulo p'^ can ensure that f{x) is a null polynomial 
modulo p* for any integer i < d. 

3 Null Polynomial modulo m = 111=1 

Theorem 1 Assume pi, ■ ■ ■ , pr are r distinct prime numbers and di, ■ ■ ■ , dr > 1. A polynomial fix) is a null 
polynomial modulo m = Y[i=iPi' ' '^'^'■^ ^''^^V ifyi = i^r, f{x) is a null polynomial modulo pf'. 

Proof: It is a direct result of the Chinese remainder theorem. ■ 
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Theorem 2 Assume pi, ■ ■ ■ , pr are r distinct prime numbers, di, dr >1 and m = 111=1 Pi*'- ^//i(^); 
frix) are null polynomials of degree ni, ■ ■ ■ , Uj. modulo p^^ , ■ ■ ■ , pf'' , respectively, then there exists one and only one 
null polynomial f{x) of degree D = max[^j^(di) modulo m in each complete system of polynomial residues modulo 
m, such that f{x) = fi{x) (mod p^') holds for i G {1, • • • ,r}. 

Proof: Applying the Chinese remainder theorem on each coefficient of the r polynomials^, one can immediately 
prove this theorem. ■ 

Theorem 3 Assume pi, ■ ■ ■ , pr are r distinct prime numbers, di, ■ ■ ■ , dr > 1 and m = Y[l=iPi' ■ Then, w(m) = 
max[^]^ (a;(p^')), i.e., the least degree of null polynomials modulo m is max[^]^(ci;(p^')). Here, uj{pf'') can be either 
uJoipf) orwi(pf*). 

Proof: From the above theorem, one can find a (monic) null polynomial of degree D modulo m, so uj{m) < D. 
Next, assume there exists another (monic) null polynomial g(x) of degree < D — 1 modulo m. Then, g{x) is also 
a (monic) null polynomial modulo each pf\ This means max[^]^(ti;(p^*)) < D — 1. We get a contradiction, so 
Lu{m) = D. This theorem is thus proved. ■ 

With the above theorem, the composite case can be handled easily by handling the r prime power cases. 

Corollary 3 Assume pi, pr are r distinct prime numbers, di, dr > I, m = 01=1 Pi*' ^'^'^ ^ ^ 

max[^j^(a;i(p^')). For each polynomial f{x) of degree > D modulo m, there exists an equivalent polynomial of 
degree < D — 1 modulo m. 

Proof: This corollary is a direct result of the above theorem. ■ 

4 Null Polynomials modulo (d > 1) 

In this section, the following questions are focused. 

1. What are the values of uJo{p'^) and uji{p'^), i.e., the smallest integer n such that there exists at least one 
(monic) null polynomial modulo p"^? 

2. What is the number of (monic) null polynomials of degree n modulo p'^7 

3. Is it possible to enumerate all incongruent (monic) null polynomials of degree n modulo p"^? 

4.1 Null Polynomials modulo p 

Theorem 4 Assume p is a prime. Then, uJoip) = '^i(p) = P- 

Proof: It is a direct result of Lemma 9, since any two equivalent polynomials of degree < p — 1 modulo p are 
congruent modulo p and f{x) = — a; is a null polynomial modulo p. ■ 

Theorem 5 Assume p is a prime and F{x) is a null polynomial of degree p modulo p. Then, f{x) is a null 
polynomial modulo p if and only if f{x) = F{x)q{x) (mod p), where q{x) is an arbitrary polynomial modulo p. 

Proof: The "if part is obviously true. Let us prove the "only if part. Dividing f{x) by F{x), one can get 
f{x) = F{x)q{x) + r{x), where r(x) is a polynomial of degree < p~l modulo p. Since F{x)q{x) is a null polynomial 
modulo p, r{x) is also a null polynomial modulo p. From Lemma 9, r{x) is congruent to zero polynomial modulo 
p. Thus, f{x) = F{x)q{x) (mod p). Thus, this theorem is proved. ■ 

From the above theorem, one can enumerate all null polynomials of degree n > p modulo p. 

Corollary 4 Assume p is a prime. Then, f{x) is a null polynomial modulo p if and only if f{x) = {x^ — x)q{x) 
(mod p), where q{x) is an arbitrary polynomial modulo p. 

^For polynomials of degree less than D, the higher coefficients arc assigned to be zeros. 
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Proof: It is a direct result of the above theorem, since ~ x is a null polynomial modulo p. M 

Corollary 5 Assume p is a prime and f{x) is a null polynomial of degree p modulo p, then f{x) = a{x^ — x) 
(mod p), where gcd(a,p) = 1. That is, x^ ~ x is the only one monic null polynomial modulo p. 

Proof: It is a direct result of the above theorem. Note that f{x) congruent to zero polynomial modulo p if 
gcd(a,p) > 1, i.e., a = (mod p). ■ 

Corollary 6 Assume p is a prime, then x{x — 1) • • • (x — (p — 1)) = (x^ — x) (mod p). 

Remark 1 Note that the above corollary is generally proved in number theory via Lagrange 's Theorem. Since 
Lemma 9 and Theorem 4 do not depend on the Lagrange 's Theorem, so we give an independent proof of the well- 
known result. Note that Wilson's Theorem can be derived from this corollary by choosing x = 0. 

Definition 10 In the following of this paper, to facilitate the discussion, define J-p{x) ~ IliLo ~ ^) — ~ 
1) • ■ • (a; — (p — 1)). This special polynomial will be frequently used to derive some important results. 

Definition 11 Assume p is a prime. Define A{x) = Y[ o<j<p-i (x — j). 

j^x (mod p) 

Lemma 15 Assume p is a prime, then Vx G Z, A{x) = [p — 1)! = —1 (mod p). 

Proof: Assuming i ~ {x mod p) E {0, • • • ,p — 1}, one has A{x) = A{i) = Ho^^^p-i ^ j) = nj+i<j<n-i(^' + ^ ~ 

j^i ' —P 

j) no<7<i-i(* ^■?) ^ (p— I)-- - (« + !)«! = (p— 1)! = —1 (mod p). In fact, this lemma is true since {x — j} o<j<p-i 

— ■'— j^x {mod p) 

actually forms a reduced system of residues modulo p. ■ 

Theorem 6 Assume p is a prime. Then, \fi G Z and \fj G {0, • • • ,p — 1}, J^p{ip + j) = —ip (mod p^), i.e., 
^i^Ml = _i (modp). 

Proof: From the above lemma, one has -^p'^'p+-'^ — _ ^^(ip + j) = —i (mod p). ■ 

Yet another form of the above theorem is as follows. 

Theorem 7 Assume p is a prime. Then, Vx G Z, = [a;/pJA(a;) = - [x/p\ (modp). 

The above theorem is very important as a basic feature of J-p{x) to generalize the results modulo p to modulo any 
power of p. 

4.2 Null Polynomials modulo p'^ (d > 1): Some Trivial Results 

This subsection gives some trivial results on null polynomials modulo p'^, some of which (especially Corollary 8) 
will be frequently cited later to get some more important results. 

Theorem 8 Assume p is a prime and d > 1. Then, ujq{p'^) = p. 

Proof: Note that p'^~-^{x'P — a;) is a null polynomial modulo p'', so ujoip"^) = p. ■ 

From the above theorem, one can see that loo{p'^) is trivial for studying null polynomial modulo p'^. So in 
following we will focus on wi(p'^) only. At first, we introduce some preliminary lemmas for further discussions. 
They will be cited later without explicit citations. 

Lemma 16 Assume p and d > 1. If f{x) — a„a;" + ■ • ■ + aix is a null polynomial of degree < uji{p'^) modulo p"^, 
then one of the following results holds: 

• f{x) =0 (modp''), i.e., f{x) =p'^f*{x), where f*{x) is any integer polynomial; 

• f{x) = ap^f*{x) (mod p"^), where gcd(a,p) = 1, i G {1, • • ■ , d} and f*{x) is a monic null polynomial modulo 
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Proof: When f{x) = (mod p"^), one has f{x) ~ p'^f*{x), where f*{x) can be any polynomials. When f{x) ^ 
(mod p''), assuming p \ a„; then gcd{an,p) = 1, so there exists an inverse a„ such that a„a„ = 1 (mod p''). 
Multiplying /(x) by a„, one gets a monic null polynomial f*{x) = + • • ■ + OnUix modulo p'^. This conflicts with 
the fact n < uji{p'^). So p | a is always true and one has a„ = ap*, where gcd(a,p) = 1 and i £ {1, • • • ,d — 1}. 
Choosing f*{x) = This proves this lemma. ■ 

Corollary 7 Assume p and d > 1. If f{x) = a„a;" + • • • + aix is a null polynomial of degree < wi(p'^) modulo p'^, 
then f{x) = pf*{x) (mod p'^), where f*{x) is a null polynomial modulo p**^^. 

Proof: It is a direct result of the above lemma. ■ 

Lemma 17 Assume p is a polynomial, 1 < di < • • • < d„ < d and Fi{x), • • • , Fn{x) are monic null polynomials of 
degree U!i{p'^'^) < ■ ■ ■ < LJi(p''") modulo p''^ , • • • jP'^", respectively. If f{x) is a null polynomial modulo p'^ , then 

1 

fix) = ^F,(x)p"-^ft(a;) +p"go(x) (modp^), 

i=n 

where qa{x) is a polynomial of degree less than a;i(p'^^) modulo p"^ and qi{x) (1 < i < n — 1) is a polynomial of 
degree less than ijJi{p'^'+'-) — Ct;i(p''') modulo p'^ . 

Proof: We use induction on n to prove this lemma. 

When n = 1, dividing f{x) by Fi[x), one has f{x) = Fx[x)qi{x) + ri{x), where rx{x) is of degree less than 
'^i{p'^^) modulo p''. Since f{x) and Fi{x)qi{x) are both null polynomials modulo p'^^, ri{x) is also a null polynomial 
modulo p'^^ . Considering the degree of ri{x) is less than LOiip'^^), so one has ri{x) = pr*(a;) (mod p'^'^) and then 

ri{x) = pr[^\x) +p^^r^\x) = pqo{x) (mod p'^). This proves the case of n = 1. 

Assume this lemma is true for any integer < n — 1, let us prove the case of n > 2. Dividing f{x) by Fn{x), one has 
f{x) = Fn(x)qn{x) + rn{x) , where rn{x) is a polynomial of degree < Ci;i(p'*") modulo p**. Since f{x) and F„(a;)g„(x) 
are both null polynomial modulo p''", r„(a;) is also a null polynomial modulo p^" . Considering r„(a;) is of degree 
less than wi(p'*"), one has r„(a;) = pr^ix) (mod p''") and then r„(a;) = prn\x) + p'^"rn\x) = pr**(a;) (mod p*^), 
where r^*{x) is a null polynomial of degree less than LUi{p^") modulo p**--!. Then, applying the hypothesis on 
r**{x), the case of d > 2 is proved. ■ 

Corollary 8 Assume p is a polynomial, d > 2 and Fi{x), ■ ■ ■ , Fd~i{x) are monic null polynomials of degree uji{p), 
■ ■ ■ , uji{p'^~^) modulo p, • • • , p'^~^ , respectively. If f{x) is a null polynomial modulo p'^ , then 

1 

f{x)= F^{x)p''-'-"qn{x)+p^-'qo{x) (modp'^), 

n—d— 1 

where qo (x) is a polynomial of degree less than lo\ {p) modulo p'^ and qn (x) (1 < n < d ~ 2) is a polynomial of degree 
less than aJi(p"+"'^) — a;i(p") modulo p"^ . If there exists 1 < rii < ??.2 < d — 1 such that (jJi(p"i) = . . . = ti>i(p"^), then 
qm{x) = • • • = (7„2_i(a;) = 0. 

Explain: The above corollary is a direct result of Lemma 17. This corollary makes it possible to use induction on 
d to derive null polynomials modulo p'^ from null polynomials modulo lower prime powers p, • • • tP'^~^ ■ D 

Lemma 18 Assume p is a prime and d>l. Then, < ti>i(p''+^) — cji(p'^) < p. 

Proof: From Lemma 13, one can easily get a;i(p''+^) > uji{p'^). Then, one has uji{p'^'^^) < ll!i{p'^) +p from the 
following fact: if f{x) is a monic null polynomial modulo p'', then f{x)J-p{x) is a monic null polynomial modulo 
p'^+i. So, one has < uJi{p'^+'^) - wi(p'^) < p. ' ■ 

4.3 Null Polynomials modulo p'^: The Case of 2 < d < p{p + 1) + 1 

In this subsection, we study the case of 2 < d < p(p + 1) + 1. The results obtained on these special cases lead to a 
recursive way to handle the general case of d > 1 (as shown in next subsection). 
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4.3.1 The Case of 2 < d < p 

Lemma 19 Assume p is a prime. A polynomial f{x) is a null polynomial modulo p"^ , if and only if f{x) = 
J-p{x)qi{x) = {J^p{x))^ql{x) + pJ-p{x)qQ(x) (mod p^), where qi{x) is a null polynomial modulo p and qQ^x), ql{x) 
can be any integer polynomials. 

Proof: The "if part is obviously true, so we focus on the "only if part. 

From Corollary 8, one has f{x) = Tp{x)qi{x) + pqQ{x) (mod p^), where q(){x) is of degree <p — l modulo p^ . 
Choosing a; = 0, one has pqo[Q) = (mod p^) =^ 9o(0) = (mod p). Choosing x = ip, where i G {1, ■ ■ ■ ,p—l}, one 
has ipA{ip)qi(ip) +pqQ(ip) = (mod p'^) ^ iA(ip)qi{ip) + qQ{ip) = (mod p) ^ —iqi{0) = (mod p) 91(0) = 
(mod p). Next, choosing x = j E {I,-- - ,p — 1}, one has pqo{j) = (mod p'^) QoU) = (mod p). Then, 
choosing x = p + j e {p+1,- ■ ■ ,2p- 1}, one ha.s pA{p + j)qi{p + j) + pqo{p + j) = (mod p^) ^ A{p + j)qi{j) = 
(mod p) Qiij) = (mod p). Combining the above results, one can see that both qi{x) and qoix) are null 
polynomials modulo p. However, since qo (x) is a null polynomial of degree less than p, one immediately gets qoix) = 
(mod p) and then pqo{x) = (modp^). Thus, f{x) = !Fp{x)qi{x) (modp^). Considering qi{x) = Tp{x)ql{x) 
(mod p), one has qi{x) = J^p{x)ql{x) +pgo(x) (modp^). As a final result, f{x) = {Tp{x))^ql{x) + p^Fp{x)qQ{x) 
(mod p^), where q^{x) and ql{x) can be any integer polynomials (without the limit on the degree modulo p^). This 
completes the proof of this lemma. ■ 

Remark 2 In the above lemma, the two different representations of the necessary and sufficient conditions of 
f{x) may have different usages. The first one, f{x) = J-p{x)qi{x) (mod p^), is better to show the law basic law 
behind the result and to organize the proof; while the second one, f{x) = {J-p{x))'^ q\{x) + pJ-'p{x)qQ{x) (mod p^), is 
better to enumerate all null polynomials modulo p^ . In the following of this section, we continue to adopt the two 
representations simultaneously. 

Lemma 20 Assume p is a prime, then a;i(p^) = 2p. 

Proof: From the above lemma, to get a monic null polynomial modulo p^, it is obvious that qi{x) ^ (mod p). 
Since the least degrees of qi{x) and J-p{x) are both p, the least degree of f{x) is p + p — 2p, i.e., Wi(p^) = 2p, where 
note that fi{x) is a monic polynomial modulo p^ if qi{x) is a monic polynomial modulo p^. This completes the 
proof of this lemma. ■ 

Theorem 9 Assume p is a prime and 2 < d < p. A polynomial f{x) is a null polynomial modulo p'^ if and only 
^ffi^) = En=dP'~''iM^)r<i^) (mod p'), where ql{x), ql_^{x) are any polynomials of degree less than p 
modulo p'^ and qd{x) is any polynomial of any degree modulo p. 

Proof: The "if part is obviously true, so we only prove the "only if part via induction on d. 

When d = 2, this theorem has been proved above. Let us use induction on d to prove the case of 3 < d < p, 
under the assumption that this theorem is true for all integers not greater than d — 1. 

Apparently, the hypothesis means that ujiij)'^) = pc when c < d. Then, from Corollary 8, one has f{x) = 
J2n=d-iP'^~^~"'i^pi^)Tlni^) (™od p'^), where qo{x), ■■■ , qd~2{x) are of degree less than wi(p"+i) - Wi(p") = p. 

Assuming x = ip + j, where i is any integer and j G {0, • • • ,p— 1}. One can see that {ip + j} forms a completes 
system of residues modulo p"^ when i runs through a complete system of residues modulo p'^~^. Substituting 
x = ip + j into f{x) = (mod p''), one has J2n=d-i P'^~^~"' i'^PM'^P ~^ j))"'1n{'^P + j) = (mod p'^). This congruence 
can be further simplified as X]ri=d-i(~*)"9"(i) = ^ (mod p), where note that A(zp + j) = —1 (mod p). 

Choosing i = (mod p), one gets qo{j) = (mod p) for any j. Considering the degree of qo{x) is less than 
p, qo{x) = (mod p) ^ p'^^^qo{x) = (mod p"*), so this term can be removed. The congruence is simplified 
to be ^ ^ (modp). To solve the value of each g„(j) when n > 1, consider the polynomial 

— J2n=d-ii^^)"lnU)^"' of degree d — 1 < p — 1. Since hj{x) = (modp) holds for any integer x and 
j S {0, • ■ • ,p— 1}, one immediately has (— l)"g„(j) = (mod p) and then qn{j) = (mod p) for all values of n > 1 
and j e {0, • • ■ ,p — 1}. Thus, finally we get the result that qi{x), • • ■ , qd-i{x) are all null polynomials modulo p. 
Since the first d — 2 polynomials are of degree less than p, one immediately has qn{x) = pq^{x) (mod p'^). The last 
polynomial is of any degree, so qd~i{x) = J-p{x)q'^{x) + pq*i_i{x) (mod p'^), where also of degree less than 

p modulo p"*. Substituting the d—1 congruences into f{x), one has f{x) = J2n=dP'''~"i-^p(^))"'^n{^) (modp'*). 
Thus, the case of 3 < d < p is proved and the proof of this theorem is also completed. ■ 
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Theorem 10 Assume p is a prime and 2 < d < p. Then, LlIi{p'^) = pd. 

Proof: It is a direct result of the above theorem, since the least degree of q^i^) corresponding to a monic null 
polynomial modulo p'^ is 0. I 

4.3.2 The Case of d = p + 1 

Theorem 11 Assume p is a prime. A polynomial f{x) is a null polynomial modulo p^'^^ , if and only if the following 
conditions hold simultaneously: 

• f{x) = '^n^pP^~"'{J'p{x))"'qnix) (mod pP^^), where qi{x), ■ ■ ■ , qp-i{x) are polynomial of degree less than p 
modulo p^"*"^; 

• qp{x) is any polynomial of any degree modulo p^^^^ and X]n=p-i = ^qpU) (mod p) holds for i = 
[x/p\ and j = X mod p. 

Proof: At first, let us prove the "only if part. 

Since uji{pP) = p^, one has f{x) = J2n=pP^~^''i^pi^))"'1n{x) (mod pP~^^). Assuming x = ip + j, where i runs 
through a complete system of residues modulo pP and j G {0, • • ■ ,p — 1}. Substituting x = ip + j into /(x) = 
(mod pP^^), one has X]n=pP'' "(^^^(^P + i))^qn{ip + j) = (mod p^^^). This congruence can be reduced to be 
Sra=p(~*)"'?"(.?) = (mod p), where note that k{ip + j) = —1 (mod p). 

Choosing i = (mod p), one immediately gets (7o(j) = (mod p), which means that pPqa(x) = (mod 
so this term can be removed. Next, for a given value of j, to solve each of other qn{j), one has the following system 
of congruences: for i = 1 ~ p — 1 (mod p), X]ti=p(~*)"9"(j) = (mod p). Write the p — 1 congruences as the 



matrix form after moving 



1 

22 



{p-l) {p-lf 



{—iYqp{i) to the right side as follows, 



1 



(p - 



-91 (j) ■ 
(-l)'92(j) 

,(~irigp_i(j). 



-(-2)Pgp(j) 









2qp{j) 




{P - l)9p(i). 



(mod p). 



Since the matrix at left side is a Vondermande matrix, one can see that its determinant is relatively prime to p. 
So, for any value of qp{j), there exists a unique set of incongruent solutions of {(—!)"'?« (j)}i<ri<p-i modulo p. 
That is, there is a unique set of incongruent solutions to {qn{i)}i<n<p-i modulo p. Since every function over 
{0, ■ • ■ ,p — 1} corresponds to a unique polynomial of degree < p — 1 modulo p, there exists a unique polynomial 
qn{x) (1 < n < p — 1) of degree < p — 1 modulo p, for each distinct polynomial qp{x) modulo p. 

The "if part can be easily proved since X]n=p-i (j) = ^qpU) (mod p) actually means f{x) = 
(mod pP^^). Thus, this theorem is proved. I 

Yet another form of the above theorem is as follow, in which the free polynomial becomes qi{x). 

Theorem 12 Assume p is a prime. A polynomial f{x) is a null polynomial modulo p^^^, if and only if the following 
conditions hold simultaneously: 

• f{x) = '^n^p P^~" i^p{x))'^ qnix) (mod pP^^), where qi{x), ■ ■ ■ , qp^i(x) are polynomial of degree less than p 
modulo pP'^^ ; 

• qi{x) is any polynomial of degree less than p modulo pP^^ '^'^'^ X]n=p(— O"?"!.?) = ^iqi{i) (mod p) holds for 
i = \x/p\ and j = x mod p. 

Proof: In the proof of the above theorem, moving —qi{j) to the right side of the congruence, one has 



1 

22 



1 

23 



.(p-l)2 (p-l)3 



1 

2P 

(p - ly 





[(-1)^92(^)1 








(-l)'93(j) 




-2<Zi(j) 




.(-lF9p(j). 







(mod p). 



(2) 



It is obvious that the determinant of the matrix at the left side is still relatively prime to p, so there is a unique 
solution to each value of qi{j). Thus, this theorem is true. ■ 
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Theorem 13 In the above theorems, 1) qi{x) or qp{x) uniquely determines the polynomial functions derived from 
all other p — 1 polynomials modulo p; 2) if qi {x) or qp{x) is of degree 0, all other p — 1 polynomials are of degree 0; 
3) qiU) = (mod p) ^ qp{j) = (mod p) and qi{j) ^ (mod p) ^ qp{j) ^ (mod p). 

Proof: The proof of this theorem is actually included in the proof of the above theorem. ■ 

Remark 3 Specially, when qi{x) or qp{x) is a null polynomial modulo p, all polynomials are null polynomials 
modulo p. In this case, f{x) =^\^pj^iP''^^~^^{J'p{x))^q'!^{x) {modp^^^), where ql{x), ■■ ■ ,qp{x) are any polyno- 
mials of degree less than p modulo p^^^ and q*^i{x) is any polynomial of any degree modulo p^^^ . However, null 
polynomials in this form are not least-degree null polynomials modulo p^^^ . 

Theorem 14 Assume p is a prime, then LUi{pP^^) ~ p^. 

Proof: From the above theorem, to get a monic null polynomial modulo p^^^ , it is obvious that qp{x) ^ (mod p). 
Since the least degree of qp{x) is and the degree of {!Fp{x)y is p^, the least degree of f{x) is also p^, i.e., 
uJi{pP'^^) = p^, where note that f{x) is a monic polynomial modulo p^ if qp{x) is a monic polynomial modulo p^"*"^. 
This theorem is thus proved. ■ 

Example 1 When p — 2, find a monic null polynomial of degree u!i{2^) — 2^ — A modulo 2^. 

Solution: In this case, only one congruence is left: qi{j) = —q2{j) = '?2(j) (mod p). Choosing qi{x) = q2{x) = 1, 
one gets a monic null polynomial of degree 4 modulo 2'^: f{x) — [x"^ — x)^ + 2{x^ ~ x) = — + 3x^ — 2x. 



Experiments have been made to verify this null polynomial. 

Example 2 When p = 3, find a monic null polynomial of degree a-'i(3'*) = 3^ = 9 modulo 3*. 
Solution: Choosing qsix) = 1, the system of congruences becomes 



□ 



"1 1' 








'i 


2 22 








2 



(mod p) 



"1 0' 




91 (j)" 




2" 


1 1 




92 (j). 




2 



(mod p). 



Solving this system of congruences, one has qi{j) = 2 (mod p) and q2{j) = (mod p) for any integer j. So, 
choosing qi{x) = 2 and q2{x) = 0, one gets a null polynomial f{x) = {x{x — l){x — 2))^ + 3^{x{x — l){x — 2)) ■ 2 = 
{x^ - 3x2 _^ 2xf + \%[x? - 3x2 2x) = x^ - Ox^ + 33x^ + ISx^ - ISx^ - 36x4 _^ 26x3 + 27x2 + 36x (mod 3*). Ex- 



periments have been made to verify this null polynomial. 



□ 



Next, we give a least-degree monic null polynomial modulo pP+^ by combining Tp(x) directly, without solving 
the system of congruences. 



Definition 12 Assume p is a prime. Define J-p^p-^i{x) — YVi=oi^pi^) ^ v)- The following theorem ensures that 
this polynomial is a least-degree monic null polynomial modulo p^"*"^, which plays an important role to construct 
least-degree monic null polynomials modulo p'', together with J-p{x), the null polynomial modulo p. 

Theorem 15 Assume p is a prime and d > 2. Then, !Fppj^i{x) is a least-degree monic null polynomial modulo 



Proof: Consider 
that ~ I 



pp 



p-i / :Fp{x) 
p 

■^p,p+i(^) 



Since 



is an integer, there must exists i G {0, • ■ • ,p — 1} such 



(mod p). So ''•y is a null polynomial modulo p and then J-p,p^i{x) is a null polynomial 
modulo pP+^. Considering that deg{J-'p,p-^-l{x) , p^^^) ~ wi(pP+^) = p2, this theorem is thus proved. ■ 

Lemma 21 Assume p is a prime. Then, Vi, x S Z, [(ip2 + x)/pj = [x/pj (mod p). 

Proof: It is easy to prove this lemma as follows: [(«p2 -I- x)/pj = [ip + x/pJ = ip + [x/pJ = [x/pJ (mod p). I 
Lemma 22 Assume p is a prime. Then, yi,j,x G Z, [jA(ip2 -|- x)/pj = [jA(x)/pJ (modp). 
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Proof : One has j A{ip'^ + x) = j Yl o<k<p-i {ip^ + {x - k)) = j A{ip'^ + x)p'^ + j o<k<p-i (x - fc) = jj4(ip^ + 

k^ip'^+x (mod p) kl^x (mod p) 

x)p^ + where A{ip^ + x) is the sum of all terms in K{ip^ + x) that can be divided by p^ . Then, from the 

above lemma, one immediately prove [jA(ip^ + x)lp\ = \_jA{x)/p\ (mod p). ■ 

Theorem 16 Assume p is a prime. Then, Vi G Z and Vjo, ji e {0, • • • ,p - 1}, = i _ [jiA^'ip + 

jo)/p\ (modp). 

Proof: Assuming x ~ ip^ + i\p + jo, similar to the proof of the above theorem, one has '^''pp+'i''^'' = ■^p(('P+ii)A(-^)) _ 
Then, ^^0^ = (zA(x) + [jiA(x)/pJ)A((ip + ji)A(a;))) = -{-i + [j^K[x) /p\) ^ i ~ lj^K{x) /p\ = i-[hK{j^p + 
jo)/pJ (modp). This immediately proves this theorem. ■ 

From the above theorem, one can easily derive the following corollaries. 

Corollary 9 Assume p is a prime. Then, Vj G {0, • • • ,p^ — 1}, | pp+i' | forms a complete system of residues 
modulo p when i runs through a complete system of residues modulo p. 

Corollary 10 Assume p is a prime. Then, Vi G Z and Vj G {0, ■ • • - 1}, ^"■"^^jlf^^'^ = ^"plV'i '^ (mod p), 
i.e., p^/^'* forms a periodic function modulo p of period p^ . 



Corollary 11 Assume p is a prime. Then, Vi G Z and Vj G {0, ■ • ■ ,p — 1}, '^'''''pp+f = i (mod p). 



4.3.3 The Case ofp + 2<d<2p+l 

Lemma 23 Assume p is a prime. A polynomial f{x) is a null polynomial modulo p^'^'^ , if and only if 

1 

f{x) ^ j^p,p+^(:x)Tp{x)q;^^{x) +pj^p,p+,{x)q;^,{x) + J2p''^'~''i^pi^)ri*ni^) (^od pp+'-), 

n—p 

where qi{x), ■ ■ ■ , Qp^iix) are any polynomials of degree less than p modulo p^"*"^ and '?p^_2(^) ^"^V polynomial of 
any degree modulo p^"*"^ . 

Proof: The "if part is obvious, so we only prove the "only if part. 

Prom Corollary 8, one has f{x) = Tp^p+i{x)qp+i{x) + I]°=p-i P^''"^""(-^p(2;))"9n(2;) (mod where qo{x), 

• ■ • , qp-i{x) are polynomials of degree less than p modulo p^^'^. 

Assuming x = ip + j, where j G {0, • • ■ ,p — 1} and i runs through a complete system of residues modulo p^"*"^. 
Substituting x ^ ip+j into f{x) = (mod p^^'^), one has J^p,p+i{ip+.j)qp+i{ip+.j) + Y!!i=p-iP'''^^~'^i~vy'q7i{x) = 
(modpf+2) ^ ^"•^pir^''^ qp+iU) + El=p-iHY'ln{.]) = (modp). Choosing ^ = 0, one has Tp,p+iij) = 
and X]n=p-i(^*)"9n(^) = (modp), so qo{j) = (modp). Then, removing qQ{j) from the congruence, one 
has Yln=p~i{-iy'Qnij) = - ''^"'"pp+F^^^ qp+i {.]) (modp). From Theorem 27, choosing ii ^ i2 (modp), one has 
.y-p.p+ifap'+j) = ^ ^2 = -^P'P+ijyp'+J) (mod p). Then, one has {ii - i2)qp+i{j) = (mod p), which immediately 
leads to the fact that qp^i{j) = (mod p) and qi{j) = ■■■ = qp-i{j) = (mod p) hold for any integer j G 
{0, ■ • • ,p — 1}. That is, all the p polynomials are null polynomials modulo p. In a similar way used in above proofs, 
we can write each polynomial as two parts, and then prove this lemma. ■ 

Lemma 24 Assume p is a prime, then a;i(pP+^) = p(p + 1). 

Proof: From the above lemma, choosing qp^2ix) = 1, this lemma is thus proved. ■ 

Theorem 17 Assume p is a prime and 1 < d < p. A polynomial f{x) is a null polynomial modulo pP+^+'i^ if and 
only if 

1 

fix) ^ /-"^•^p,p+i(^)(-^pW)"^'z;+„,(^) + E P^+'+'-"^(-^p(^))"^c(^) (mod pp+'+''), 

n\—d n2—p 

where qi{x), ■ ■ ■ , qpj^d{x) are any polynomials of degree less than p modulo pP+^+'^ and qp^ij^-d{x) is any polynomial 
of any degree modulo pP+i+'^. 
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Proof: The "if part is obvious. We use induction on d to prove the "only if part. 

When d = 1, this theorem has been proved in the above lemma. Under the assumption that this theorem is 
true for any integer less than d, let us prove the case of d > 2. 

Note that this theorem means that VI < n < d— 1, = p{p + n), so J?^p,j,+i(a;)(JFp(x))" is a least-degree 

monic null polynomial modulo Then, from Corollary 8, one has 



fix)^ ^ P'^''-''HM^)r'QnA^) (modpf+i+''), 

ni=d— 1 n2=p— 1 

where except qo{x), • • • , qp+d-iix) are of degree less than p. 

Assuming x = ip + j, where j £ {0, • • • ,p — 1} and i runs through a complete system of residues modulo pP^^ . 
Substituting x = ip + j into f{x) = (mod f^"*"^), one has 



^ /-i-"^.Fp,p+i(*p + j)(-*p)"^gp+i+„,(*p + j)+ E P"^'-''H^^Pr'qnAw + j)^0 (modp''+i+'^), 

rix—d—l 712— p—1 

which leads to ^^^^0^Et=d-iHT'%+i+nrij) + El,=p-i{-^r'qn,ij) = (modp). From Corollary 9, 

Vi,?' £ {0, ■•■ ,p — 1}, J -^p.p+iCfcp I forms a complete system of residues modulo p. This means 

L P ) o<fc<p-i 

that gp+i+niC?) = J2n2=p-i(^'^)"'^1n2{j) = (modp). Since I < d < p, due to the same reason 

given in the proof of Theorem 9, one has qoij) = ■ ■ ■ = qp+d{j) = (mod p). That is, qoix), • ■ ■ , qp+d{x) are 
all null polynomials modulo p. Noticing that qp-^.d{x) = J-p{x)q*^^^i{x) + Mp+d(2;) and qnix) = pq^{x) when 
0<n<p + d— 1, one can prove this theorem. ■ 

Theorem 18 Assume p is a prime and p + 2<d<2p+l, then ujiip"^) = p{d - 1). 

Proof: From the above theorem, choosing qdix) = 1, this theorem is thus proved. ■ 

4.3.4 The Case of d = 2p + 2 

Apparently, the case of d = 2p + 2 is an analog of the case of d = p + 1. The following theorems can be easily 
obtained via the same way as above, so the proofs are omitted here. 

Theorem 19 Assume p is a prime and I < d < p. A polynomial f{x) is a null polynomial modulo p^P'^'^ , if and 
only if 

• ^{^)^Y.l,=pP''-'''^P,P+l{x){Wr'%+l+n^{x)+YL.^y''^^~^^^ (modp2p+2). 

• qi{x), ■ ■ ■ , qp{x) are any polynomials of degree less than p modulo p'^^^'^ ; 

• q2p+i{x) is any polynomial of any degree and qp+i{x), ■ ■ ■ , q2p{x) polynomials of degree less than p modulo 

that satisfy I]"i=p-i(-*)"''7p+i+ni (j) = iq2p+i{j) (mod p) for i = [x/pj and j = x mod p. 

Theorem 20 Assume p is a prime, then LOi{p'^'P^'^) ~ 2p^ . 

Corollary 12 Assume p is a prime. If f{x) is a least-degree monic null polynomial modulo pP'^^ , then (/(x))^ is 
a least-degree monic null polynomial modulo p^P^^ . 

Remark 4 Specially, {Tp_p+i{x))'^ is a least-degree monic null polynomial modulo p^P^^. 

4.3.5 The Case of 1 < d < p{p + 1) 

Generalizing the above procedure until d = p{p + 1), one has the following theorems. 
Definition 13 Assume p is a prime. Define Ap^i,s,t{x) = =sP^ "'(•^p(^))"'9*>"i(^)■ 
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Theorem 21 Assume p is a prime and 1 < k < p. Then, f{x) is a null polynomial modulo if and only if 

1 



i=k-2 



+ p«^-^)(v+^)Ap,^,p^^,i{x) (mod p^(f+i)), 



where all q-polynomials but the highest one in ^p,fc-i.p,o(2^) of degree less than p modulo pdiP+^)^ and the q- 
polynomials in Ap^k-i^pA^) satisfy I]°;„_i=p-i(-«)"'°"'9fc-i,"fc-i (j) = *9fc-i,p(i) (mod p) fori = [x/p\ and j = 
xmodp. Specially, (J-p^p+i(x))'"' is a least-degree monic null polynomial modulo p^^'''^^\ 

Theorem 22 Assume p is a prime, k{p + 1) < d < (k -\- l){p + 1) and dk — d — k(j) + 1), where 1 < k < p. Then, 
f{x) is a null polynomial modulo p'^ if and only if, 

1 

f{x) = {Tp^p+,{x)f-^Ap^t.-i,iM+ J2 P^''-'-''^^''^'H^P,P+l{^)yAp,^,p-lA^) 



+ Ap,o,p-i,i(x) (mod /(P+D), 



where all q-polynomials but the highest one in Ap^k-i.p,Qix) is of degree less than p modulo /(P+i', and all the 
q-polynomials are null polynomials modulo p. 

Theorem 23 Assume p is a prime and 1 < d < p{p + 1), then uii{p'^) = kp^ + p{d — k{p + 1)) = p{d — k), where 



P+i 



The above theorems can be proved via a complicated induction on /c > 1: from d — (fc — l)(p— 1) to (fc— l)(p— 1) < 
d < k{p — 1) and then to d = k{p — 1), and finally to k{p — 1) < d < (fc + l)(p — 1). Since we will give a similar 
proof on the general case of d > 1 later, the proofs of the above theorems are omitted here. 

4.3.6 The Case of d = p(p + 1) + 1 

Theorem 24 Assume p is a prime. Then, f{x) is a null polynomial modulo pP(P+i)+i if and only if 

1 

f{x)^iJ^p.p+^{x)rQ{x)+ p(^-i-)(P+i)(J^p,p+i(a;))Mp,.,p_i,o(x) 

i—p—l 

+ p('^-^)(p+^)Ap,o,p^,^,{x) (mod /(f+i)), 

where all q-polynomials are of degree less than p modulo p'^^P^^\ Q{x) = 1 (mod p), the q-polynomials m ^p,i,p.o(a;) 
satisfy X]ni=p-i(~*)"^9'=-i,"i (j) ^ ^ (mod p) for i = \_x/p\ and j ^ x modp, and all other q-polynomials are null 
polynomials modulo p. 

Theorem 25 Assume p is a prime, then uji{p)P^P'^^'>) = uji{pP^P'^^'>^^) = p^ . 

Definition 14 Using the same way of defining J-'p^p^i(x), we have 

p-i 

:Fp^pip+i)+i{x) ^ n - 'P'^^) = (mod 

i.e., 

Tp,p(p+,)+,[x) ^ f Tp^p+,{x) _ \ p 
Theorem 26 Assume p is a prime. Then, J-p p(p_|_i)4.i(x) is a least-degree monic null polynomial modulo pp'^^^^^^^ . 
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Proof: The same as the proof of Theorem 15. I 

Lemma 25 Assume p is a prime. Then, Vii,i2,ji,j2 £ ^, [[{hp^ + ji)/p\ii2p'^ + j2)/p\ = l[ji/p\j2/p\ (modp). 

Proof: One has LL(«iP^ + fep^ + J2)/pJ = Hhp'^ + ji/p]ii2P + :h/p)\ = [(hP^ + Lji/pJ + i2/p)J = 

[iii2P^ + ii32P + i2P[3i/p\ + \j\lv\hlv\ = H«2P^ + ^\i2V + Hp\j\lv\ + V\j\lv\32lv\ = \\j\lv\32lv\ (mod p). ■ 

Lemma 26 Assume p is a prime. Then, Vii, 12,^1,^2 G 2, [[A(iip"^ + A(i2P^ + j2)/pj = LL-'^(ji)/-Pj^(j2)/pJ 

(modp) and LA(«iP^ + ji)/M(i2P^ + j2)/pj = LA(ii)/pA(j2)/pJ (modp). 

Proof: This lemma can be proved in a similar to Lemma 22. based on the above lemma. I 

Theorem 27 Assume p is a prime. Then, G Z and M 3^, 31,32 G {0, • ■ • ,p - 1}, = 

-(«+Lj2A(ii,o)A(j2,i)/pJ + LLjiA(ji,o)/pJA(i2,i)/-PJ) (modp), where ji,^ = jip+jo and = (j2P+ji)A(jip+io)- 

Proof: Assuming = ip^ + 32P^ + jo, one has '^''ppV/^'' = •^p(('p +i2p+3i)A(3:o)) ^ Then, assuming xi = {ip^ + 

J2P + Ji)A(xo), one has ^^^^gVr^ = ((zp + j2)A(xo) + LjiA(a;o)/pJ)A(.Ti) = x^. Next, = 
(iA(xo)A(xi) + [j2A(xo)A(xi)/pJ + [[jiA(a:o)/pJ A(xi)/pJ) A(.T2). Then, from the above lemma, one has ^^^^^^^^ = 
Lj2A(xo)A(xi)/pJ + LLjiA(a;o)/pJA(xi)/pJ) = Lj2A(ii,o)A02,i)/pJ + LbiA(ji,o)/pJA(j2,i)/pJ) (mod p). 
Thus this theorem is proved. I 

From the above theorem, one can easily derive the following corollaries. 

Corollary 13 Assume p is a prime. Then, \/j G {0, • ■ • ,p^ — 1}, | '^'^'^'"'^p^^l^i)^ | forms a complete system of 
residues modulo p when i runs through a complete system of residues modulo p. 

Corollary 14 Assume p is a prime. Then, Mi el. and Vj G {0, • • ■ - 1}, •^"•"'''+('^'■^1')+^ "^'^^ = ^"•"Xi^^ (mod p), 



I.e., 



^qip-^ forms a function modulo p of period p'^ . 



Corollary 15 Assume p is a prime. Then, Vi G Z and Vj G {0, ■ • ■ ,p — 1}, p;!(p+"i)+i' = ~* (mod p). 

Observing J-p{x), Tp^p-\-i{x) and J^p,p[p+i)+i{x) and comparing their features, one can find a recursive formula 
to further generalize the above results to all values of d. This leads to an inductive proof of the general case of 
d>l given in next subsection. 

4.4 The General Case: Null Polynomials modulo p*^ (d > 1) 
4.4.1 Some Definitions and Preliminaries 

Definition 15 Assume p is a prime and n > 0. Define an index- sequence as follows: 



Ip{n) 



I 0, when n = 0, 

\plp{n — 1) + 1, when n>l. 



When n > 1, one can easily derive the close form of the above sequence: Ip(n) ~ '^^=0 — ^ . Specially, 
Ipil) = 1, Ip{2) =p+l, /p(3) = p(p + 1) + 1 = p2 +p + 1. 



Definition 16 Assume p is a prime and n > 0. Define a monic integer polynomial as follows: 

Qp,n (*^) 



X, when n ~ 

nrJo {Qp,n^i{^) - , when n > 1, 



where Ip{n) denotes the above index- sequence. Specially, Qp.i{x) = !Fp{x), Qp.2{x) = J-p^p+i{x) = ^p.ip{2)i^) 
Gp,3{x) = ^p,p(p+i)+iix) = J^pjp(3)(a;). 
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An equivalent definition of the above polynomial is as follows. 
Definition 17 Assume p is a prime and n > 0. Define a rational polynomial Qp.n{x) as follows: 

~ [a;, when n = 

Then, define an integer polynomial by Gp,n{x) = p^''^'^^Qp^n {x). 

In the following, both Qp,n{x) and Gp,n{x) will be frequently used to achieve a more concise description of the 
results on polynomials of this kind. 

Theorem 28 Assume p is a prime and n > 1. Then, Vx = ip" + 'Y^k=n-i^iP^ ^ where i G Z and jo, ■ ■ ■ ,jn-i G 
{0, ■ • • ,p - 1}, it is true that ^p,„(.t) = = i (llfe^o ^ (Sp,kix)) + A„(x)p) + J„(jo, ■ ' ■ Jn-i)- 



Proof: It is obvious that the result is true when n — 1. Let us use induction on n to prove the general case of 
n > 2, under the assumption that this theorem is true for any integer less than n. 

From the hypothesis, Gp^n-iix) = {ip+jn-i) (jlkZo ^ (Gp.k{x)j + An-iix)p^ + J„-i(jo, ■ ■ ■ , jn-2)- Then, from 
the definition of Gp^ni^) and Theorem 7, one has 

^p{Gp,n-l{x) 



Gp,n {x^ 



P 



^Gp,n-l{x)/p^ A (^Gp,n-lix)^ 

Y[ A {Gp,k{x)j + A„^i{x)p 1 + J„_i(jo, • 



{-iP + jn-l) 
ri-1 

Y[^{Gp,k{x)) +^n-lA( Gp,n — lix) J p 
/ n-2 

k{x)^ + J„-l(jo, • ■ ■ : Jn—2 J 



Jn-2) / P 



A [Gp,n-lix) 



\k=0 



+ A„-ljn-l 



k=0 



A 



{Gp,n-l{x) 



Applying the hypothesis on (/p,fe(a;), one has ^p,fc(x) = (ip" ''H hjfc) [Uj=o ^ (Gp,iix)j + Akix)pj+Jk{jo, ■ ■ ■ ,jk-i) 

So, when < fc < n — 2, we can get Gp,kix) = ip^Dk{x) + J^ifo, ■ ■ ■ , Jn-i) and then A {Gp.k{x)^ = ip^Dl{x) + 
A(J^(jo, ■ • ■ ,jn~i))- Thus, moving all terms of p^ and of high powers of p out of the floor function, one has 



ri-2 



jn-1 Y[ A {Gp.k{x)j + Jn-l{jo, ■ ■ ■ ,jn^2) j / P 
\ k=0 ) I . 

Substituting the above equation into Gp,n{x), one immediately has 

/n-l 

Gp,n{x) = i iY\_ {Gp,kix)^ + An-lA(Gp^rL-lix)j p 



ipD*{x) + J* (jo, ■ ■ • , jn-l)- 



+ {An-ljn-l + ipD*{x) + J*{jo, ■ ■ ■ , jn-l)) ^ (Gp,n-lix)^ 

M n ^ {M^)) + i^n-i + D*ix))A ( Gp,n-lix)j p 1 

+ [An^ijn^i + J*{jo, ■ ■ ■ , j„_i)) A (Gp,n-lix)j ■ 



"Like the name of "integer polynomial", a "rational polynomial" means a polynomial with rational coefficients. 
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Similarly, one has A (gp,n^i{x)^ = ipD*_^{x) + A(J*„i(jo, • • • , jn-i))- Then, 

/n-l 

9n{x) = M n ^ {Gp,k{x)) + {An-1 + D*{x))A (Op.n-lix) 



+ {An-ljn-1 + JnUo, ' ' ' , jn-l)) {ipD'n^iix) + A(J*_i(jo, ' ' ' , jn-l))) 

' ( n ^ fe.fe(^)) + ((^"-1 + D*{x))A (^p,„_i(x)) + (A^-iin-i + KUo, ■ ■ ■ , j„-i))i?:_i(a;)) p 



\k=0 



+ [An-ljn-l + Jniio, ' ' ' , jn- 1 ) ) A( J*_ i ( jo , ' ' ' , jn-l))- 

Assigning An{x) = ((A„_i + D* {x))A{gn-i{x)) + (A„_i.7„_i + J*(jo, ■ ■ ■ , j„-i))D;_i(a;)) and J„(jo, ■ ■ ■ , jn-i) = 
{An-ijn-i + JnUo, ' ' ' , ) ) A( J*_ ^ (jo , ' ' ' , jn-i)), One immediately gets 

Thus, this theorem is proved. I 
The above theorem immediately derives the following corollaries. 

Corollary 16 Assume p is a prime and n > 1. Then, Vi g Z and j G {0, • • • — 1}, is true that Gp,7i{ip"' + j) = 
(-l)"i + J„(j) (modp). 

Corollary 17 Assume p is a prime and n > 1. Then, Vj e {0, • • • - 1}, [Gp^niip" + j)] forms a complete 
system of residues modulo p when i runs through a complete system of residues modulo p. 

Corollary 18 Assume p is a prime and n > 1. Then, \/i ^ "E and Vj G {0, • • • — 1}, Qp,n{ip"'^^ + j) = Qp.n{j) 

(mod p), i.e., Gp.n{x) forms a periodic function modulo p of period p""*"^. 

Specially, when ji ^ ■ ■ ■ — jn-i — 0, we have a much simpler (but not so useful as one can see later) form of 
the above results. 

Theorem 29 Assume p is a prime and n > I. Then, Vx = ip"' + j , where i G Z and j G {0, • • • ,p — 1}, it is true 
that Qp^nix) = inr=o ^ {Gp,k{x)^ ■ 

Proof: Let us use induction on n to prove this lemma. When n = 1, one can easily get Qp^i{x) = •^p^^'P'''-'^ = iA{x). 
Then, assuming this lemma is true for any integer less than n, let us prove the case of n > 2. From the definition of 

gp,Ux), one has Gp.Ax) = M^^^--^(^p''+^)) = M^pUJ^^ Me,)) ^ [ipY^-'^ A {Op^x)) / p\ A {Gp.n-iiip" + j)) = 

* nfe=o A {Gp.k{x)j . Thus, this lemma is proved. ■ 



Corollary 19 Assume p is a prime and n > 1. Then, Vi G Z and j G {0, ■ • • ,p — 1}, Qp.n = (~1)"* (mod p). 

Lemma 27 Assume p is a prime and n > 1. Then, Qp,n{x) is a monic null polynomial of degree p"^ modulo p^''^"\ 
but not a null polynomial modulo 

Proof: The second part of this lemma is a straightforward result of Corollary 19, since 

Gp,n{ip''+j) = i-iy'ip^p'-''^ ^ 

(mod p-'^p when i ^0 (mod p). 

The first part of this lemma can be proved via induction on n. When n ~ I, the result is obviously true. Let us 
consider the case of n > 2. Following the definition of Gp.n{x), one has = ^ipll-l) = YViZo (^t^tt ~ ■ 

From the hypothesis, t/p^„_i(x) is a null polynomial modulo p^p("~i), so G Z and then ^f^'l'J^^X is a null 

polynomial modulo p. This means Qp^nix) is a null polynomial modulo p^p("). In addition, it is obvious that 
deg(5p_„,p^p^"^) = p ■ deg{Gp,n-i,P^''^^~^^) = pp'^~^ = p". Thus this lemma is proved. ■ 
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Corollary 20 Assume p is a prime, ei, e„ > 1 and d = ^^^^eil(i). Then, f{x) = rir=i(^P*('^))'^' 'Clonic 
null polynomial modulo p'^ . 

Proof: This corollary can be easily derived from the above lemma. ■ 

Definition 18 Assume p is a prime and d > 0. Define a polynomial sequence {Ti.p^d{x) = Y[i°^iiGp-ii^)Y'''^}d>o' 
where < CdA < p, in the following recursive way: 

1, when d — 0, 

n ^(x) = I '^p.d-i{x)Gp.i{x), when d>l and max°g^{ea_i^i) <p-l, 

in — 7~T'\ 1 when d > 1 and di such that ed-i i = p, ed-i ! = ■■■ = Cd-i i-i = 0. 

{GpAxJF 

One can easily verify that in each polynomial defined in the above rule, there exists at most one exponent that 
satisfies ed,i = p and all exponents after this exponent are zeros. Denote max^]^(ed,i)j the maximal exponent 
ofHp^dix), by En^^^{Hp,d)- 

Apparently, Tip^dix) is an analog of an integer represented with radix p + 1, except that the last non-zero 
exponent of the former may be p. So we define a numeric representation of Ti.p^d{x) with floating radix. 

Definition 19 The numeric representation of a polynomial 7ip.d{x) — YXiLi{Gp,i{x)Y'^-^ is an integer defined by 

oo 

(Wp,d) = X! ^d,ilp{i) = (•••, ed,i)/p> 

i=l 

where the subscript "Ip" denotes the floating radix of (7ip,rf) as an integer. We call ed,i the i-th digit of the 
polynomial. If {Ti.p,d) = (e^a > " ■ ' = X^iLi ^d,ilp{i), where 1 < ii < 12, we say 12 is the digit length and ei-^ , e^^ 

are the LSD (least significant digit) and MSD (most significant digit) of the polynomial, respectively. 

Lemma 28 Assume p is a prime and d > 1. Then, 

1. when Ema^Hp^d) < P - 1, deg{np4+i,p) = deg(Wp,d,p) +p; 

2. when E„^s^^{Hp,d) =P, dcg{Hp,d+i,p) = dcg(Hp,d,_p). 

Proof: It is obvious that the digit length of Tip.dix) is finite, since d is finite. Assume Ti-p.dix) = ri"=i(^p,s('^))'^'- 
Then, consider two different cases. When i?max(Hp,(i) < P — 1, dcg(7ip,d+i,p) = <ieg{Hp^d,p) + P > deg{'Hp^d,p)- 
When E^^y,{TLp4) = i-e-' such that e^.i = p and ed,i = ■ ■■ = ed,i-i = 0, deg(Hp,d+i,p) = deg{Ti.p^d,p) since 
dcg{Qp,i+i{x),p) = deg{{gp^i{x)y ,p) = pl{i). Thus this lemma is proved. ■ 

Lemma 29 Assume p is a prime and d>l. Then, Tlp.d{x) is a monic null polynomial modulo p'^ . 

Proof: Let us use induction on d to prove this lemma. When n = 1, it is obviously true. Assuming it is also true 
for any integer less than d, consider the case of d > 2. 

When E^-aaA'^p.d) < P — 1, one can see Hp^ix) = 'Hp,d-i{x)Qp^i{x) is a null polynomial modulo p^^-i+i — pd_ 

When Eins.>ii'Hp,d) = P, i-C, 3i such that Cd-i^ = P and Cd-i^i = ■ ■■ = Cd-i^i-i = 0, '^g^'^~(l}^l is a nuU polynomial 

Hj,,d-i{x)gp^i+i{x) 



modulo pid-i)-pi{t) and gp,t+iix) is a nuU polynomial modulo p^(*+^) = pP^(0+i. Thus, Hp.di 
is a null polynomial modulo = p'^ and this lemma is proved. 

Theorem 30 Assume p is a prime and d > I. Then, {Tip,d) =^ d- 

Proof: This theorem can be proved in the same way as the above theorem. 



X 
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4.4.2 Main Results 

Theorem 31 Assume p is a prime, n > 1. If^oKciKp-i {Sp,iix)^ gei, -- ,e„ (a;)^ = (mod p) holds for 

any integer x G Z, then Vei, ■ • ■ , e„ G {0, ■ • • ,p — 1}, Qei,- - ,e„(a^) is a null polynomial modulo p. 

Proof: Assuming x = ip^ + X)fc=n-i ^kP^ ^ where z G Z and jo, - ■ ■ , jn-i G {0, • • • ,p — 1}, let us prove this 
theorem via induction on n. ^ 

When n = 1, one has x ~ ip + jo and Gp,i{x) = —i (modp), and then J2o<ei<p-i (pp,i{x)j qei{x) = 

Eo<ei<p-i(-*)'''9ei(io) = (modp). Consider the polynomial f{y) ^ J2a<ei<p-i<lei{jo)y''\ one can see that 
f{y) = (mod p) for any integer y = —i E Z. That is. f{x) is a null polynomial modulo p. Since deg(/,p) < p, 
one immediately derives that qe^ (jo) = (mod p) for any integer jo S {O7 • ■ ■ ^ !}■ That is, Vei G {O,-- - 1}, 
(7ei (x) is a null polynomial modulo p. 

When n > 2, assume this theorem is true for any integer less than n. From Corollary 18, Gp,iix) forms a function 
modulo p of period So, assuming x* ^ x mod p" = X]fc=n-i ifeP'^j one has 

E (n(^P,.(^))'''Ze„...,e„(a.)) ^ E ((ep,„(x))'" n (ep,.(x*))''ge,,...,eJx*)U0 (mod^^ 



0<e^<p-l / 0<e^<p-l 

0<i<n 0<i<n 



From Corollary 17, Vx* G {0, ■ • ■ — 1}, if i runs through a complete system of residues modulo p, then Gp,n{x) 
forms a complete system of residues modulo p. This means that the polynomial 



p-i 



= E 



e„=0 



1 0<ei<p-l \i=l } I 

\ 0<i<r.-l / 



is congruent to modulo p for any integer y eIj. Then, from deg(/,p) < p, one immediately derives that 

E ( n (^P,^(2;*))''fe,...,e„(x*)J ^0 (modp) 



0<i<Ti-l 



holds for any integer a;* G {0, • • • ,p" — 1} and e„ G {0, • • • ,p — 1}. Now the value of n is reduced to be n — 1, so 
one can use the hypothesis for each e„ G {0, • • • ,p — 1} to get the result: Vei, • • • , e„ G {0, • • • ,p — 1}, (Jd, -- ,e„ {x) 
is a null polynomial modulo p. Thus, this theorem is proved. I 

Theorem 32 Assume p is a prime and d>l. Then, TCp^d{x) is a least-degree monic null polynomial modulo p'^ . 

Proof: Let us prove this theorem via induction on d. The case oi d = 1 has been proved above. Next, under the 
assumption that this lemma is true for any integer less than d, let us prove the case of d > 2. Consider the following 
two different cases. 

Case 1: -Emax(Wp,d-i) < P- Assume f{x) is a null polynomial modulo p'^ . Following Corollary 8, one has 
f{x) = ^j^j__iP'''~^~-''Hp^j{x)qj{x) +p'^~^qo{x) (mod p'''), where qj{x) is of degree less than p except qd-i{x) and 
qj{x) = if E^-ns.^'Hpj) ~ p (Lemma 28). In other words, each exponent of the effective polynomial Tipj{x) 
satisfies < Cj^i < p — 1. Then, from f{x) = (mod p'^) holds for any integer x, dividing both sides by p"^^^, 
one has Yl^j=d-i '^"p}^^ Qj i^) + Qoix) = (mod p), where dj is the sum of all exponents of Hpj{x). So we know 
that X)''<<!j,fc<p-i (rifc^i \ Sp.k{x)j gei,-- .e„ (•'z;) ) = (mod p) holds for any integer x, where n is the maximum 

0<k<n V V ' / ' " / 

of the digit lengths of (Tip^) for j G {1, • • • , d — 1}. Then, from Theorem 31, one immediately gets Ve^^i, • • • , Cj^n G 
{0, • • • ,p — 1}, qei.- - ,enix) is a null polynomial modulo p. That is, Vj G {1, • • • ,p — 1}, qjix) is a null polynomial 
modulo p. Then, choosing pd-i{x) = J-p{x), one can get a least-degree monic null polynomial modulo p'^: f{x) = 
Hp4-i{x)Tp{x) = Hp,d{x). 

Case 2: £'max(Hp,d-i) = P- From Lemma 28 and LJi{p'^^^) > tJi(p''), one can see 7ip,d{x) must be a least-degree 
monic null polynomial modulo p'^, since deg{Hp^d,p) = deg{T-Cp^d-i,p). 

Combining the above two cases, this theorem is thus proved. ■ 
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Lemma 30 Assume p is a prime and d>l. Then, uji(p'^~^^) — ijJi{p'^) G {0,j5}. 

Proof: It is a direct result of the above theorem and Lemma 28. ■ 
Corollary 21 Assume p is a prime and d > 1. Then, p \ LUi{p'^). 

Proof: It is an obvious result of the above theorem. ■ 
Lemma 31 Assume p is a prime and n > 1, then = p". 

Proof: It is a direct result of Theorem 32 and Lemma 27. ■ 

Theorem 33 Assume p is a prime and d > I. If (7ip,d) = (e^.n,-'' ,ed,i)ip, then u!i{p'^) ~ J27=i^d,iP^ = 
p{T,7=i(^d,iP'~^)- 

Proof: It is a straightforward result of the above lemma and the definition of Hp^dix). I 

Algorithm 1 From the above theorems and d ~ {T^p,d) ~ Tlii=n^d,ilp{i), one can derive an effective algorithm to 
determine all digits of {"Hp.d) = {sd,n, ' ' ■ , Gd,i)ip, and then determine 'Hp^d{x) and the value of uji{p'^) for any given 
d > I. The algorithm can be described in the following steps. 

• Step 1: find the integer n > such that Ip{n) < d < Ip{n + 1) by calculating n = \\og^{d{p — 1) + 1)] — 1; 

• Step 2: assign d^"'' = d, and then for i ~ n ^ 2, calculate Cd^i ~ [d^ / Ip{i)\, d^^^^'^ = d* — ed,ilp{i) and goto 
Step 3 if d^'-^^ =0: 

• Step 3: assign Cd.i — d^^~^^ ; 

• Step 4: output Hp,d{x) = Yil^n {Gp,i{^)T'''' ""'^ ^i(p'') = J2"=i ed,iP''- 

One can see that the time complexity and the space complexity of the above algorithm are both 

0{n) = O (riogp(d(p - 1) + 1)1 - 1) = O(logpd). 
Example 3 Assume p is a prime and i > 1. Prove 'Hp,pi{x) = {Qp.i{x)Y ^ Qp,i{x) and uJi{pP ) = (p — l)p* +P- 

Solution: From Ip(n) = ^pZi i one immediately gets n = i. Assign d*-'-* = d, one has e^.i = [d^^'' / Ip{i)\ = 

pV(^)J = P - 1 and d(*-i) = dW - ed,^Ii^) = 1. Thus, ed,2 = ••• = ed,^^l = and CdA = 1- So 

Hp^piix) = {gp,i{x)f~^ Gp,i{x) and t^i(pP") = (p - l)p' +p. □ 

Figure 1 gives a partial list of Ti.p^d{x) from d = 1 till d = /p(4) + p. In the list, the value of wi(p'') increases by 
p except at the end of each row. 

4.5 Enumerating All Null Polynomials modulo p'^ {d > 1) 

Based on the fact that 'Hp,d{x) is a least-degree monic null polynomial modulo p"^, one can enumerate all null 
polynomials of (less than) a given degree modulo p'^. 

Theorem 34 Assume p is a prime and d > 1. A polynomial f{x) is a null polynomial modulo p'^ if and only if 
fi^) = J2]=dP'^'^'^p,3i^)l3i^) (modp'^), where 

• qd{x) is an arbitrary polynomial of arbitrary degree modulo p; 

• when j < d, qj{x) = i/i?max(Hpj) p; 

• all other polynomials are arbitrary polynomials of degree less than p modulo p. 
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N/A* 

Wp,/p(2)(2;) = GpAx) 



d = 1 

i 

^Pi.i(.^) 

Qp,2[^)QpAx) 

{QpAx)f-^Qp,i{x) 



{QpA^)Y 
QpA^){'3pAx)Y 

{QpA^)Y-\QpA^)Y 



'Hp,i^(3){x) = Qp,z{x) 
Gp..3.{x)Gpa{x) 

QpAx){Qp.2{x)Y-^ 
QpAx){Gp.2{x)Y 
iGpAx)Y 

{gpAx)YSpAx) 



Gp,3ix)Sp.lix) 

Qp.,3{x)Sp.2ix)Gp,iix) 

Gp,3{x)iSp,2ix)Y~^Sp,lix) 

igpAx)YQpAx) 

igpAx)YSpAx)gp,iix) 



igpAx)Y-^{gpAx)Y~' {gpAx)Y-^{gpAx)Y~'gp.iix) 

{QpAx)Y-\QpAx)Y 

(_%3_(x))p_ 

'^p,-fp(4)(^) ^QpAix) QpAx)QpAx) 



QpAx){QpAx)Y 
QpAx)Qp.2 {x) {QpAx)Y 

QpAx){QpAx)Y~\QpAx)Y 

{QpAx)?{QpAx)Y 
{QpAx)?QpAx){QpAx)Y 

{QpAx)Y-KQpAx)Y-\QpAx)Y 



GpAx){x){QpAx)Y 



* In fact, wc can also generalize the result to d = 0. In this case, the modulus becomes = 1, so Vx G Z, one has x = (mod 1). Thus, 
/(^) = YYiLi(.Qp,i)^ = 1 is a least-degree monic null polynomial modulo 1. It is obvious that this case also obeys the above theorems. 
In this sense, we can replace "d > 1" in the above theorems by "d > 0" . 

Figure 1: An incomplete list of Hp.d{x), where d increases by 1 from left to right and from top to bottom, u!i{p'^) 
does not change at the end of each row and increases by p elsewhere. 



Explain: It can be easily derived from Theorem 32, following the theorems on null polynomials modulo p'' when 
1 < d < p{p + 1) + 1 (given in the previous subsection). □ 

The above theorem makes it possible to calculate the number of (monic) null polynomials of a given degree 
modulo p'^, which may be useful in some real applications. For example, through the following theorem, the number 
of (monic) null polynomials is actually the number of equivalent polynomials modulo m. This can be further used 
to estimate the number of distinct polynomial functions of some kind modulo m, once the number of candidate 
polynomials of this kind have been known. 

Theorem 35 Two polynomials, fi{x) and f2{x), are equivalent polynomials modulo m if and only if fi(x) — f2{x) 
is a null polynomial modulo m. 

Proof: Obvious. ■ 

Definition 20 In a complete system of polynomial residues modulo p'^ , denote the number of null polynomials of 
degree n by Nnp{n,p'^) and the number of monic null polynomials of degree n by N„inp{n,p'^). Similarly, denote the 
number of null polynomials of degree < n by Nnp{< ri,p'^) and the number of monic null polynomials of degree < n by 
A^mnp(^ 'n,p'^). Here, the subscript "np" means "null polynomials" and "mnp" denotes "monic null polynomials" . 

It is obvious that Nnp{n,p'^) = iV„p(< n,p'^) - Nnp{< n - l,^'^) and Nmnp{n,p'^) = Nmnp{< n,p'^) - Nmnp{< 
n — l,p'^). So, in the following we mainly focus on Nnp{< n,p'^) and Nmnp{^ n,p'^). 

Theorem 36 Assume p is a prime, d>l and n < uji{p'^), then NmnpinjP'^) = Nmnp{l^ n,p^) = 0. 

Proof: It is a straightforward result of the definition of LlIi{p'^). ■ 
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Theorem 37 Assume p is a prime and d > 1, then Nmnp{^i{p'^)^p'^) = Nmnp{^ ^i{p'^)iP'^) = Nnp{< LUi{p''-) — 
I,/). 

Proof: The first equality is obvious since N^^pi^ ^i{p'^) — l;?"^) = 0. The second equahty holds due to the 
following fact: from Theorem 34, qd{x) = 1 (mod p'^) in a monic null polynomial of degree tt'i(p'*), while qd{x) = 
(mod p**) in a null polynomial of degree < Ct'i(p'*) — 1 (all other coefhcients are free in both cases). ■ 

Theorem 38 Assume p is a prime, d > 1 and n = uji[p'^) + n* , where n* > 0. Then, it is true that Nmnp{n,p'^) = 
P*'*iV„„p(a;i(p'^),/) and iV„„p(< n,/) = ^""^^1 A^»mp(cc'i(p''),/). 

Proof: From Theorem 34, to get a monic null polynomial of degree n modulo p'^ , the highest coefficient of qdix) 
must be congruent to 1 modulo p"^ and all other coefficients can be freely assigned. This means that Nmnp{n, p"^) = 

p''"*iV„„p(a;i (/),/). Then, N^^pi< n,p^) - Er=oP'^™"p(^i = ''"pl-i "' ^mnp(^i(/),p'^). Thus this 
theorem is proved. I 

Theorem 39 Assumep is a prime, d > 1 and n = uji{p''')+n* , where n* > 0, then Nnp{< n,p'^) = p'^Nmnp{n,p'^) = 

Proof: From Theorem 34, to get a monic null polynomial f{x) of degree n modulo p'^, Qdi^) should be a monic 
polynomial of degree n — llIi{p'^) modulo p"^; and to get a null polynomial f{x) modulo p'^, qd{x) can be arbitrary 
polynomial of degree <n — uji{p^'') modulo p'^. In other words, for the former case, the highest coefficient a„ must 
be congruent to 1 modulo p'^, while for the latter case, can be any value modulo p'''. Considering other n — 1 
coefficients can be freely assigned for both cases, one immediately gets Nnp{< rL,p'^) = p'^Nmnp{'n,p'^). In a similar 

way and from the above theorem, we can get Nnp{< n,p'^) = ^^d; ^mnp(< n,p''') = ^ pd(„*|l^_'^^'' iVrmip(< 

n,p'^). Thus this theorem is proved. ■ 

Remark 5 In the above theorems, note that when p'^ is relatively large, we have Nnp(< 'n,p'^) ^ p'^N,nnp(< n,p'^) 
and Nmnpi^ n,p'^) w N„inp{n,p'^). This means that Nnmpin^p"^) ^ N^npi^ n- ~ ^iP'^) ''^ this case. 

Theorem 40 Assume p is a prime, d > 1 and n — ujiip'^)) + n* , where n* > 0. Then, Nnp{< n,p'^) = 
p'i("*+i)iV„p(<c^i(p'^)-l,/). 

Proof: From Theorem 34, for each polynomial counted in Nnp{< uji{p'^) — there are p'^^'^ possibilities of 

(a:) modulo p''. ■ 

From the above theorem, one can only consider the value of Nnp{< n,p ) when 1 < < LOiip"^) - 1. 

Theorem 41 Assume p is a prime, di,d2 > 1 and n < min{uji{p'^^),uji{p'^^)). Then, Nnp{< n,p'^'^) ~ Nnp{< 
n, p"^^ ) . 

Proof: It is a straightforward result of Theorem 34, since qj{x) can be freely assigned any value modulo p^ for 
j < mm{uji{p'^'^),uji{p'^'^)). ■ 

Corollary 22 Assume p is a prime, d > 1 and n < a;i(p'*). // i?max('Wp,ci) — P, then Nnp{< n,p^) — Nnp{< 

Proof: It is result of the above theorem and the fact that uji{p'^) = uji{p'^^^). ■ 
Definition 21 Assume p is a prime and n > 1. Define an integer sequence Np(n) as follows: 

{1, when n = 1, 

1 / -1 \ p"(p"-'-i) 
riLo [P'''" '"^''^^^ Np{n - l)j = -{N{n - 1))p when n>2. 

Specially, Np{2) ^p — s — ^ Np{3) =p s and Np{A) =p s . 
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The above sequence N{n) has an alternative (actually equivalent) definition via addition (not product). In the 
following, we use both of the two definitions to achieve a more concise description of related results. 

Definition 22 Assume p is a prime and n > 1. Define an integer sequence Np{n) as follows: 

_ I 0, when n = 1, 

^'^""^ " \ECo {^P"-'Ip{n - 1) + Np{n - 1)) = ""^^7'''^ +pNp{n - 1), when n>2. 

Then, define N{n)p = p^^<-''l Specially, Np{2) = Np{3) = p'^p"+p-^^ Np{4) = p'(p'+p'+p-3) . 

Theorem 42 Assume p is a prime and n>l, then Np{n) = P"(g"=i' p'-^""^)) = p"(iAn)-n) ^ p"(p"-^p+("-i)) . 
Proof: From the definition, Np{n) = ^^-^ (p-i-' (e!!!^)) = P"(grj/(p--i)) ^ P-{^?S,^ P'-in-i)) ^ 
^ {E7=o p" - = ''"^'"^a"^'"^ = ^ - ^) = ""^''"^(^-t)""'" - Thus this theorem is proved. ■ 

Lemma 32 Assume p is a prime and n < p, then Nnp{< n,p'^) = 1. 

Proof: It is obvious, since f{x) = is the only null polynomial of degree less than p. M 
Corollary 23 Assume p is a prime, then Nnp{< u!i{p^''^^^) — 1,^-^"^-^)) = 1 = Np{l). 

Proof: It is a straightforward result of the above lemma since uji{p-'''^^'>) — l=p — l<p. ■ 

Lemma 33 Assume p is a prime, 1 < d < p and ip < n < {i + l)p, where i G {1, ■ ■ ■ ,d — 1}. Then Nnp{< n^p"^) = 
Specially, N„p{< ujiip'^) - l,p'^) =^ "'"2"" and N„p{< UJi{pP) ~ l,pP) ^p ^^'r" = Np{2). 

Proof: From Theorem 34, when ip < n < [i + l)p, qi{x), • • • , gj„i(x) can be of degree < p — 1 modulo p"^ but qi{x) 
should be of degree < n - ip modulo So, iV„p(< n,/) = 'E'j^lp'^ + = p^^^+»(""»P+i) . When 

n = c.i(p^) -l^pd-1, one has N„p{< n.p'^) = p^^^^^^Hd-mvd-i)-(d-i)p+i) ^ ^ '"-^^^'" +(^-1)^ = , 
Further, when d = p, one immediately has Nnp{< uji{pP) — l,pP) ~ p 2 = Np{2). ■ 

Corollary 24 Assume p is a prime, then Nnp{< uji{p-'p^'^'') — l,p-'p^'^'') — p^^ ~ = Np{2). 

Proof: It is a result of the above lemma and the fact that uji{pP^^) ~ u!i{pP). ■ 
Theorem 43 Assume p is a prime and n > 1. Then, iV„p(< wi(p^f(")) - l,p^f(")) = Np{n). 

Proof: Let us prove this theorem via induction on n. The case of n = 1 is obvious and the case of n = 2 has been 
proved above. Next, assume this theorem is true for any integer less than n, let us prove the case of n > 3. 

From Theorem 34, f{x) = J2j=dP'^~'''^p,j(-'^)lj(-'^) (i^iod p'^). When d = Ip{n), we can rewrite this congruence 
as follows: f{x) = QpA^)(liAn)i^) + Y.-i^^..^^-^ P'"-'^''-'''-' '^'--'^ (mod/), 



l<i<n-l 



where j{ed,i, • ■ ■ ,ed,n-i) = J2i=i Gd,il{i)- Let us divide all the g-polynomials, excluding ^/^(n) (a;), into p parts, 
each of which corresponds to a distinct value of ed,n-i G {0, • • • ,p — 1}: 



{Gp,n-l{x)) 



( ^ 

E n (^P.^(^))'^"'9.(e,,,....,e,,„_,)W 

, 0<=d,j<P-l i=l ; 

\ l<i<n-2 / 



(mod p'^). 



One can see that the number of all possibilities of this part is 

\p / \ ^i(p"^^^"^^^) 

„ed,„-i/p(n-l)^'(ed,l,--- ,ed,„_2) ] _ ( „ed,„_ip/p(ra-l) \ ^ ^ 



= p'=rf."-iP""'^p("-i)iVp(n - 1), 



0<<!<J ,<P-1 

l<i< 



23 



where note that uji{p^''^" denotes the number of factors in the left side. Finally, one immediately has 

Thus this theorem is proved. ■ 
Definition 23 Assume p is a prime, n > 1 and < i < p. Define a two-index generalization of N pin) as follows: 

i-1 

T-r I r /„^ , ,\ i(i-i)p"Jp(") 



i=0 

Specially, Np{n,0) = I, Np{n, 1) = Np{n) and Np(n,p) = Np{n + 1). 
Definition 24 Similarly, define a two-index generalization of Np{n) by 



Npin, z) = ^ + Np{n)) = '-^ + z7Vp(n) = log^ [Npin, ^)) 



Specially, Np{n,0) = 0, Np(n, 1) = Np{n), and Np(n,p) = Np{n + 1). 

Theorem 44 Assume p is a prime, n > 1 and d = il{n), where 1 < i < p. Then, iV„p(< uji{p'^) — Ijp"^) = Np{n, i). 
Proof: Following the same idea used in the proof of the above theorem, one has iV„p(< lji{p'^) — l,p'^) = 

Theorem 45 Assume p is a prime and d > 1. If (Hp.d) ~ (e^.n, ■ ■ ■ ,ed.i)ip, then Nnp{< UJi{p'^) — l,p'^) = 
Np{n,ed,n)ll]=n-iP'^'^pi^^(^d,z), where d* = Y.]tied,jP' Ip{j)- 

Proof: This theorem can be easily proved following the same idea used in the proofs of the above theorems. At 
first, we enumerate the number of g-polynomials before (Gp.nix))'^'''" , which is Np{n, ed.n) from the above theorem. 
Then, we enumerate the g-polynomials occurring between {Qp.n{x)Y'^'" and {Qp.n{x)Y'^''^ (Qp^n-i(x)Y'^'"^^^ , which is 
pSd.nP ^p(")iVp(n — l,ed.„_i). Note that when e^.n-i = this number is still valid, though this case is not covered 
by the above theorem. Repeat this procedure until all q-polynomials except qdix) are enumerated, we immediately 
prove this theorem. ■ 

Remark 6 When n < uji{p'^) — 1, the value of Nnp{< n,p'^) can be calculated via an integer d* such that uji{d*) — 
p < n < uJi{d*). Then, from Theorem 41, 7V„p(< Wi(<i*) - l,p'^') = Nnp{< = iV„p(< 

n,p'^)p'^ ('^i(p where d* is the largest integer such that UJi{p'^ ) ~ wi(p'' ) — 1- Thus, Nnp{< n,p'^) = 

N„p{<uji{d')-l,p''') 



Appendix 

After finishing the first draft of this paper, we noticed that the main result (Theorem 32) obtained in this paper 
has been covered in Kempner's papers on this subject [3,4] published in 1921. Kempner's proof is through a simple 
way that is totally different from that one employed in this paper. In addition, explicit formulas were not given to 
calculate Ip{n) and oji[p^) (though a method is qualitatively explained in §§1). Here, we give a brief introduction 
to Kempner's proof. Note that we use definitions given in this paper to achieve a simpler description of the results. 

Definition 25 Define fJ.{m) to be the smallest positive integer such that ^(m)! = (mod m). 
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Lemma 34 (Lemma 1 in [3]) The polynomial f{x) = Yli^^ ^(^~*) null polynomial of degree ^(m) modulo 
m. 

Proof: When < a: < n{m) — 1, it is obvious f{x) =0 = (mod m). When x > /i(m), one has f{x) = 
/i(?Ti)! (^^^j^-j) = /i(m)! = (mod to), where note that (^(^-j) is an integer since x > fi{m). ■ 

Lemma 35 (Lemma 2 in [3]) Any polynomial f (x) = ^^^QCkx'' is uniquely represented in the form Y^^^q '^k{i) , 
and c„, a,i are both different from zero if one of them is different from zero. 

Proof: Since x^ and are both monic polynomials of degree k, we can divide f{x) by {x^}^f^^^ to get the first 

form and divide it by to get the second form. ■ 

Lemma 36 (Lemma 3 in [3]) In the above lemma, if (k G {0, ■ • ■ ,n}) are integers, then ak/k\ and therefore 
Ok, are integers. 

Proof: Comparing coefficients of the two forms of f{x), this lemma is immediately proved. I 

Lemma 37 (Lemma 4 in [3]) In the above lemma, if f{x) is a null polynomial modulo to, then Ok = (mod to) 
forke {O,-- - ,n}. 

Proof: A straightforward result of the above lemma. I 

Lemma 38 (Lemma 5 in [3]) For a given modulus m, the integer polynomial f{x) = rifi™^ ^(^ ~ *) monic 
least-degree null polynomial modulo m, i.e., LUi{m) = ^[m). 

Proof: Assume f{;x) is a null polynomial modulo m. Then, from the above lemmas 

/(a:;) = E™°M J = + ^ IT " ' 

fc=0 ^ ^ fc=l \ ■ i=0 / 

where Ok are integers. To ensure f{x) is a monic polynomial, ^^^^^ = 1, so m | n\. From the definition of fi{m), we 
immediately have n > ^,{m). Thus this lemma is proved. B 

The above proof gives a different (slightly simpler than us) least-degree monic null polynomial modulo to. In 
§§1 of [3], Kempner discussed how to calculate the value of ii{m) for different cases. When m = p'^ and d > p, he 
introduced an algorithm to calculate the value of fi{m), which is actually the same as the one given in Algorithm 1 
of this paper. 

In addition, based on the above null polynomial, Kempner developed a set of "completely reduced polynomials" 
modulo TO and investigated related problems about such completely reduced polynomials. For more details, refer 
to Kempner's original work [3,4]. 
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